A vertex x in a tournament T is called a king if for every vertex y of T there is a directed path from x to y of length at most 2. It is not hard to show that every vertex of maximum out-degree in a tournament is a king. However, tournaments may have kings which are not vertices of maximum out-degree. A binary inquiry asks for the orientation of the edge between a pair of vertices and receives the answer. The cost of finding a king in an unknown tournament is the number of binary inquiries required to detect a king. For the cost of finding a king in a tournament, in the worst case, Shen, Sheng and Wu (SIAM J. Comput., 2003) proved a lower and upper bounds of Ω(n 4/3 ) and O(n 3/2 ), respectively. In contrast to their result, we prove that the cost of finding a vertex of maximum out-degree is n 2 − O(n) in the worst case.
Introduction
A tournament is an orientation of a complete graph. A vertex x in a tournament T is called a king if for every vertex y of T there is a directed path from x to y of length at most 2. We use standard terminology and notation for directed graphs, see e.g. [1] .
Kings in tournaments were introduced by Landau [3] who studied animal societies and observed that in every animal society "there are members who dominate every other member either directly or indirectly through a single intermediate member." Inspired by this observation, Landau [3] proved that every tournament has a king. His result can easily be shown as follows. Let x be a vertex of maximum out-degree (MOD) in a tournament T = (V, A) and let y be another vertex of T . Then either xy ∈ A or there is a vertex z such that both xz and zy are arcs of T (otherwise, x is not of maximum out-degree). However, it is not hard to construct tournaments where not only MOD vertices are kings.
An ordering x 1 , x 2 , . . . , x n of vertices of a tournament T = (V, A) is called a sorted sequence of kings if x i x i+1 ∈ A for i = 1, 2, . . . , n − 1 and x j is a king in the subgraph of T induced by the vertices x j , x j+1 , . . . , x n . Lou, Wu and Sheng [4] showed that every tournament has a sorted sequence of kings. Sorted sequence of kings are of interest due to their useful properties, e.g. every such sequence is a median order of T [5] , i.e. an ordering of V such that the number of arcs x j x i with j > i is minimum possible. Median orders in tournaments were used, among other things, by Havet and Thomassé to prove Seymour's Second Neighborhood Conjecture restricted to tournaments [2] .
Wu and Sheng [6] designed an O(n 2 )-time algorithm for finding a sorted sequence of kings in a tournament with n vertices. A binary inquiry asks for the orientation of the edge between a pair of vertices and receives the answer. Shen, Sheng and Wu [5] studied the cost of finding a sorted sequence of kings, which is the number of binary inquiries required to find such a sequence (including a king) in an unknown tournament. They proved that the cost is Θ(n 3/2 ) in the worst case. Shen, Sheng and Wu [5] also studied the cost of finding a king in a tournament. They showed a lower bound Ω(n 4/3 ) for the cost in the worst case. Clearly, O(n 3/2 ) is an upper bound. This has left a cost gap between Ω(n 4/3 ) and O(n 3/2 ) for finding a king, and closing this gap remains an open problem [5] .
In this short paper, we prove that the cost of finding an MOD vertex is n 2 − O(n) in the worst case. Thus, the worst case costs of finding an arbitrary king and that of maximum out-degree are quite different and while searching for kings, it is not a good idea to restrict ourselves to only MOD vertices.
As a warming-up, consider a related question of the cost of deciding whether a tournament T has a vertex of in-degree zero; clearly such a vertex is a king and T has no other kings. 1 Consider the following procedure. Repeat until T has only one vertex: choose a maximum matching M in the complete graph with vertices V (T ), ask for the orientation of each edge of M in T and for every {x, y} ∈ M delete from T vertex x or y if xy is oriented towards x or y, respectively. After completion, check whether the last remaining vertex z has no arcs to it from the other vertices in the original T . Now it is not hard to see that the cost of deciding whether T has a vertex of in-degree zero is less than 2n in the worst case, where n is the number of vertices in T . Indeed, the number of inquiries in the repeat loop is less than n and so is the number of inquiries for orientations of edges incident to z.
Finding an MOD Vertex
A tournament T on an odd number n of vertices is regular if every vertex of T is of out-degree of (n − 1)/2. Thus, all in-degrees in a regular tournament are also (n − 1)/2. A tournament T on an even number n of vertices is almost regular if every vertex of T is of out-degree n/2 or n/2 − 1. Observe that an almost regular tournament has n/2 vertices of out-degree n/2 and in-degree n/2 − 1 and n/2 vertices of out-degree n/2 − 1 and in-degree n/2. Theorem 1. The worst case cost of finding an MOD vertex in a tournament on n vertices is at least (n − 1) 2 /2 when n is odd and at least (n − 1)(n − 2)/2 when n is even.
Proof. Let T = (V, A) be a tournament on n vertices. Consider an algorithm which determines an MOD vertex of T using binary inquiries. The algorithm knows V , but initially no element of A. Let q be the number of inquiries used by the algorithm before it correctly returns an MOD vertex x of T . Let us denote by d + (y) and d − (y) the number of arcs known to be oriented from and towards y, respectively, after the q inquiries are used.
As in [5] , we introduce an adversary (to the algorithm) that answers questions of the binary inquiries in such a way as to delay the time the algorithm returns x. However, our strategy for the adversary is different from that in [5] . The adversary has T as a concrete regular or almost regular tournament (depending on parity of n) and answers the inquiries according to the orientations of the arcs in T . However, after the algorithm returns x, the adversary checks whether the remaining n 2 − q inquiries can be answered in a such a way (not necessarily according to the orientations of arcs in T ) that x is not an MOD vertex. Let us assume that the algorithm correctly decided that x is an MOD vertex and consider two cases.
Case 1: n is odd. Suppose that d + (x) < (n − 1)/2. Then the adversary can answer all remaining questions on arcs incident with x by saying the arcs are all oriented towards x and answer all other remaining questions according to the arcs in T . Then in the resulting tournament T ′ , x will be of out-degree less than (n − 1)/2, but another vertex of T ′ will be of outdegree at least (n−1)/2, which is a contradiction to our assumption that the algorithm is correct and x is an MOD vertex. Thus, d + (x) ≥ (n−1)/2 and since T is regular we have d + (x) = (n − 1)/2.
Suppose there is a vertex y = x such that d − (y) < (n − 1)/2. Then the adversary can answer all remaining questions on arcs incident with y by saying that they are all oriented away from y and answer all other remaining questions according to the arcs in T . Then the out-degree of y in the resulting tournament will be larger than (n−1)/2, a contradiction. Thus, for all y = x we have d − (y) ≥ (n − 1)/2. Therefore, the number of queries must satisfy
Case 2: n is even. Recall that half of the vertices in T are of out-degree n/2 and the others of out-degree n/2 − 1. Similarly to Case 1, we can show that d + (x) = n/2. Suppose that there is a vertex y = x with d − (y) ≤ n/2 − 2. Then the adversary can answer all remaining questions on arcs incident with y by saying that they are all oriented away from y and get d + (y) > n/2, a contradiction. Thus, for all y = x we have d − (y) ≥ n/2 − 1. Therefore, the number of queries must satisfy
The two lower bounds on q derived above now prove the claim.
